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INVARIANT ALMOST COMPLEX GEOMETRY ON FLAG MANIFOLDS: GEOMETRIC 
FORMALITY AND CHERN NUMBERS 

LINO GRAMA, CAIO J.C. NEGREIROS AND AILTON R. OLIVEIRA 


Abstract. In the first part of this paper we study geometric formality for generalized 
flag manifolds, including full flag manifolds of exceptional Lie groups. In the second 
part we deal with the problem of the classification of invariant almost complex struc¬ 
tures on generalized flag manifolds using topological methods. 


1. Introduction 

In this paper we study geometric formality and classification of almost complex struc¬ 
tures on generalized flag manifolds (or Kahler C-spaces). This class of homogeneous 
spaces is defined taking the quotient G/P of a complex simple non-compact Lie group 
G hy the normalizer of a parabolic sub-algehra p of the Lie algebra g - Lie{G). Equiva¬ 
lently, a generalized flag manifold is defined as UIK, where U is the maximal compact 
sub-group of G and X = P n G is a centralizer of a torus. It is well known that generalized 
flag manifolds have a rich Riemannian and Hermitian geometry (see for instance O). 

In the first part of this paper we study the problem of geometric formality for gener¬ 
alized flag manifolds. On a general Riemannian manifold, wedge products of harmonic 
forms are not usually harmonic. But there are some examples where this does happen, 
like compact globally symmetric spaces. Motivated by examples of closed surfaces of 
genus > 2 (in this case there are non-trivial harmonic 1-form for any metric, but every 
1-form has zeros), Kotschick in m introduced the notion of geometrically formal man¬ 
ifolds; a smooth manifold is geometrically formal if it admits a Riemannian metric for 
which aU exterior products of harmonic forms are harmonic. 

Classical examples of geometrically formal manifolds are compact symmetric spaces 
and Stiefel manifolds (real, complex, quaternionic and octonionic). Geometric formal¬ 
ity implies the formality in the sense of Sullivan, and in fact it is more restrictive. For 
instance, in [El Kotschick-Terzic proved that all generalized symmetric spaces of com¬ 
pact simple Lie groups are formal in the sense of Sullivan, and that many of them are 
not geometrically formal. 

Regarding non-geometric formality on flag manifolds the following examples are al¬ 
ready known: full flag manifolds G/ T where G is a classical Lie group {SU{n),SO{n],Sp{n}) 
or G- G 2 ((E]); the family of generalized flag manifolds SU[n+2) / S[U[n) x G(l) x G(l)) 
(lEl) ; WaUach flag manifolds with positive sectional curvature ((2]). 

Our first result proves the non-geometric formality for full flag manifolds associated 
to exceptional Lie groups. Since these Lie groups complete the list of compact simple 
Lie groups, one can state the following result: 

Theorem. The full flag manifolds GIT, with G compact simple Lie groups are not geo¬ 
metrically formal. 

We also provide a large family of examples of non-geometrically formal flag mani¬ 
folds (for details, see Section|7). 


This research was supported by CNPq grant 476024/2012-9 andFapesp grantno. 2012/18780-0. LG is also 
supported by Fapesp grant no. 2014/17337-0. 
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In the second part of the paper, we study Chern numbers of invariant almost complex 
structures on generalized flag manifolds. The classification of Hermitian structures on 
full flag manifolds was carried out by San Martin-Negreiros in (T8j. In [19] San Martin- 
Silva study the invariant Nearly-Kahler structures on flag manifolds. We remark that in 
both works cited above, the Lie theoretical methods was used in a crucial way. On other 
hand, the classification of invariant Hermitian structures on generalized flag manifolds 
remain an open problem. Therefore, it is a natural question to classify the invariant 
almost complex structures (or more generally Hermitian structures) on generalized flag 
manifolds. 

In this work we use characteristic classes in order to classify these invariant almost 
complex structures in some flag manifolds. More precisely, using the Chern numbers 
joint with a classical result due to Borel-Hirzebruch we obtain in some cases the clas¬ 
sification of such invariant almost complex structures (up to conjugation and equiva¬ 
lence) . 

Theorem. The following generalized flag manifolds 

S[7(6)/S([7(l) X U{2) X U(3)), 

St/(7)/S(t7(l) X (7(2) X U(4)), 

S[/(8)IS[U(1) X U{2] X f/(5)), 

St/(8)/S(t7(l) X (7(3) X 17(4)) 

have precisely 4 invariant almost complex structures up to conjugation and equivalence; 
3 of them are integrable and the fourth is non-integrable. 

We also obtain the classification of invariant almost complex structures for the infin¬ 
ity family of flag manifolds 517(3 n)/S(t7(n) X U[n) X U[n)): 

Theorem. The family of generalized flag manifolds SU [3 ri) I S{U [n) x U{n) x U{n)) has 
two invariant almost complex structures, up to conjugation and equivalence: one is an 
integrable structure and the other is non-integrable. 

With respect to other Lie groups, we obtain a partial classification for several gener¬ 
alized flag manifolds of the classical Lie groups SO{n),Sp(n) and for the exceptional Lie 
group G 2 , see sections [8!T]l8.2ll8B] and l8.4l for more details. 

2. Generalized flag manifolds and A:-symmetric spaces 

2.1. Generalized flag manifolds. Let g be a complex semi-simple Lie algebra and t) be 
a Cartan sub-algebra of g. Denote by II the set of roots of the pair (g, t)) and consider the 
decomposition 

= E 

aell 

where ga = {X e g : V77 e 1), [77,X] = a{H)X} is the complex root space (with complex 
dimension one). 

The Cartan-Killing form on g is given by 

<X, 7>=tr(ad(X) ad(F)) 

and its restriction to f) is non-degenerated. Given a e 1)*, we define Ha by a:(-) = {Ha,-} 
and = spanjjlTfa : a e 11}. 

Wefixa Weylbasis of g, that is, Xa £ ga such that if {Xa,Xp} - 0, (Xa,X-a} - 1 

and [Xa,Xp] - ma.pXa+p, with ma.p £ IR, m_a ,-/3 = -rua.p and ma,p = 0 if a -F /I is not a 
root. 

Let H'*' c n be a set of positive roots, Z the corresponding set of simple roots and 0 
a subset of I. We fix the following notation: (0> is the set of the roots spanned by 0, 
IIm = n \ <0> is the set of complementary roots and 11^ is the set of complementary 
positive roots. 
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Let 

p0 = f)® Y. E 0-a® E 0/3 

ae<0>+ ae(0>+ 

be a parabolic sub-algebra g determined by 0 . 

Definition 2.1. A generalized flag manifold F© associated to g and 0 is the homoge¬ 
neous space 

F 0 = G/Pq, 

where G is a complex Lie group with Lie algebra g and P@ is the normalizer of p© on G. 
Let u be a compact real form of g and U = exp(u). We have 
u = spanR{if)R, Aa, iSa, a e ff}, 
where Aa^Xa-X-a and Sa = Xa+ X-a- 

Let t© he the Lie algebra of Kq P© n U. By construction IL© c [/ is the centralizer of 

a torus of G. We denote by Iq the complexified Lie algebra £© = u n p©, that is, 

*0 = f)® E 0«® E 0-«- 

ae<0>+ ae<0>+ 

Since U is compact and acts transitively on F©, we have 
F© = G/P© = t//(P© n LT) = U/Kq. 

lfQ-0, we have 

P©=p = f)® Y 0/3 

/3en+ 

is a minimal parabolic sub-algebra (that is, a Borel sub-algebra) of g and 

F = G/P = [//r 

is called full flag manifold, where P is a Borel subgroup and T = P n (7 is a maximal torus 
of U. 


2.2. The isotropy representation. We denote by jcq = cKq the origin of the flag mani¬ 
fold. 

Since - Ul Kq is a reductive homogeneous space, the Lie algebra of U decomposes 
into 

u = {© ® m© 

with 

Ad{k]mQ cm©,VA:e7r©. 

The canonical projection :;r : G ^ F© = UIKq induces an isomorphim between m© 
and Txo F©. In some cases we write just m instead m©. 

The isotropy representation identifies with Ad[k) 1 ^ 9 : tn© —► m© and it is completely 
reducible, that is, 

m© = mi ® m 2 ® ® m„, 

where each m; is an indecomposable and non-equivalent sub-representation (or equiv¬ 
alently, irreducible and non-equivalent t©-sub-modules). 

The description of the irreducible sub-modules is given in the following way: 
Consider the following sub-algebras: p = f)''' ntf and t = Z(f'^) n tp. Then t*' = t*' ®f'*', 
where f''*' is the semi-simple part of 
We consider the restriction map 

k: P* ^ t* 
a '—► a\i. 

Definition 2.2. The elements of Pj- := jcIFIm) are called T -roots. 
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Theorem 2.3 ((D). There exists a 1-1 correspondence between T-roots ^ and irreducible 
adit^) -modules given by 

K(a)=f 

These sub-modules are non-equivalent as -modules. 

Therefore a decomposition of m''' into irreducible adit'll-modules is given by 

= E 

(£Rt 

We observe that the complex conjugation t of g"', interchanges the root spaces 
and g_a, and consequently interchanges and m_^. We have the following decompo¬ 
sition 

m= ^ (trif 

where i? J = kIR'''] denote the set of positive T -roots, and denotes the set of the fixed 

points of T in a vector sub-space n c g®'. 

2.3. A:-symmetric spaces. Let (M, g) be a Riemannian manifold and x e M. An isometry 
of (M, g) with isolated fixed point x is called a symmetry of (M, g) at x. 

Definition 2.4. Assume that {M,g) admits a set {Sx ■ x e M] of symmetries. We call 
{Sx'xe M] of a Riemannian fc-symmetric structure on (M, g) if, for x,yeM we have: 

Sx°Sy^ SzOSx, (.z^Sxiy)] 

[Sx)’^ = id, [Sx)’^ ^ id (/ < fc). 

Then {M,g] with a Riemannian fc-symmetric structure is called a fc-symmetric space. 

Let M - GlK he a homogeneous space with origin o = eK (trivial coset) and g be 
a G-invariant Riemannian metric. We call the pair (M, g) a Riemannian homogeneous 
space. 

Given an automorphism 0 of G we define G® to be the set of fixed points of 0 and G® 
the connected component of the identity. 

Proposition 2.5. Suppose that exist an automorphism 0 o/G such that 

• G®cHcG®; 

• = 1 and&i ^0 for any I < k; 

• Let s be the transformation ofM defined by no® -son. Then s preserves the 
metric at o. 

Then {5^: = g°sog~^: x - g.o e M] define a Riemannian k-symmetricstructure on {M,g]. 

Remark 2.6. We remark that if fc = 2, G/K is called symmetric space. In general fc- 
symmetric spaces are also called generalized symmetric spaces. 

The next Proposition, proved by Tojo in (see also Burstall-Rawnsley (9]), shows 
that every generalized flag manifold is a fc-symmetric space. This result will be very 
useful in this work. 

Proposition 2.7 ((21]). Let M = G/K be a generalized flag manifold. Then G/K admits 
an invariant complex structure } such that {G/K,J,g) has an Hermitian m-symmetric 
structure for each G-invariant Riemannian metric g. 

The next Lemma gives an important information about the cohomology of fc-symmetric 
spaces. 

Lemma 2.8 ([12]). Let G/K and G/L k-symmetric spaces with G a compact simple Lie 
group, K cL and rk(kr) = rk(L). Then the homogeneous fibration G/K —► G/L with fiber 
L/K has the following property: the restriction map from the total space to the fiber is 
surjective in cohomology ring. 
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3. Invariant almost complex structures 

Definition 3.1. An almost complex structure on the flag manifold F© is a tensor /® such 
that for each point x £ F© we have an endomorphism /® : Txfe —► Tx^q satisfying 
(/®)2 = -Id. 

Definition 3.2. An [/-invariant almost complex structure /® on F© = [///[© is given hy 
J^x - dEuJ^x^^u-^ ’ for each ueU, 

where dEu : T{UIKq) T[UIKq) is the differential of the left action at ueU, that is, for 

each X e Tx{UIKq) we have 

dEuJ^X^J^^dEuX. 

A [/-invariant almost complex structure /® on F© is completely determined by /® : 
m© —► m©, where m© is the tangent space at the origin of F©. 

Proposition 3.3. There is a 1-1 correspondence between invariant almost complex struc¬ 
tures /® and linear maps /® on Txg¥@ that commute with the isotropy representation, 
that is, 

Ad^'^^[k)J% = J%Ad^'^^{lc), for all keKe. 

Therefore an invariant almost complex structure /® satisfies (/®)^ = -1 and com¬ 
mutes with the adjoint action of t© on m©. Moreover /®(ga) = ga, for each a e 11. The 
eigenvalues of /® are ±i and the eigenvectors are Xa, a £ 11. 

Hence /®(Xa) = iCaXa, being Ca = ±1 with £« = In this way we obtain a de¬ 

scription of an invariant almost complex structure on F©: they are completely described 
by a set of signs 

{Ca, with £a = ±1. (T £ 11 \ (0), SUCh that Ea = -C-a]- 

By simplicity we will denote an invariant almost complex structure just by /. As usual, 
we denote by T^’^M the eigenspace of / associated to the eigenvalue -\-i. 

Definition 3.4. An almost complex structure / on a differential manifold M is said a 
complex structure (or integrable) if its distribution T^'^M is integrable. The pair (M, /) is 
called a complex manifold. 

Two complex structures /i and J 2 on M are equivalent if the complex manifolds 
(M,/i) and (M,72) are biholomorphic, that is, if there exists a holomorphic map (p : 
(M,/i) ^ (M,/ 2 ) with holomorphic inverse. 

The next three results due to Borel-Hirzebruch concerning to invariant almost com¬ 
plex structure are very useful in this work. 

Proposition 3.5 ((7), 13.4). Let M - GIK be an almost complex manifold and m = mi ® 
m 2 ® • • ■ ® ms be a decomposition of the tangent space at the origin into irreducible and 
non-equivalent sub-modules of the isotropy representation. ThenM admits 2^ invariant 
almost complex structures. 

If we identify conjugated structures, then M admits invariant almost complex 
structures, up to conjugation. 

A root system is said to be closed if, for every complementary roots a and f such that 
a + fisa root, a-t pis again a complementary root. 

The next lemma provides a useful criteria to determine when an invariant almost 
complex structure is integrable. 

Lemma 3.6 ((7), 13). An invariant almost complex structure is integrable if there exist an 
order on the coordinates of the Cartan sub-algebra such that the corresponding comple¬ 
mentary root system is positive and closed. 
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The next proposition tell us when two invariant complex structures on flag manifolds 
are equivalent. 

Proposition 3.7 ((7), 13). Let J\ and J 2 be two invariant complex structures on GIK. 
Assume that there exist an automorphism of the Cartan sub-algebra () o/g that send the 
root system associated to }\ onto the root system associated to J 2 and keep fixed the root 
system ofK. 

Then these two invariant complex structures are equivalent under an automorphism 
ofG that keep K fixed. 


4. Formality in the sense of Sullivan 

A commutative differential graduated algebra [A, d) is called formal if it is weakly 
equivalent to the cohomology algebra (H(A,Q), 0 ), that is, there exist a sequence of 
quasi-isomorphism (morphism of commutative differential graduated algebras that in¬ 
duce isomorphism in cohomology) in the following way 

{A,d) ^ ^ ^ ^ {H{A,Q),0]. 

A differential manifold is formal (in the sense of Sullivan) if their de Rham algebra 
of differential forms and the cohomology algebra (with the zero-differential) are weakly 
equivalent. For us, formal manifolds mean formal in the sense of Sullivan. 

An important source of examples of formality in the sense of Sullivan are the k- 
symmetric spaces. 

Theorem 4.1 ([12], teo. 7). Each k-symmetric space of a compact Lie groups is formal in 
the sense of Sullivan. 

Since generalized flag manifolds are fc-symmetric (see ProDosition l2.71 . every gener¬ 
alized flag manifolds are formal in the sense of Sullivan. 


5. Geometric formality 


Let M be a compact oriented differential manifold, g a Riemannian metric on M 
and the complex of degree k differential forms on M. Therefore the de Rham 

complex is the following sequence of differential operators 

0 ^ n°(Af) ^ n^M) * ... n”(M) ^ o, 


where d^ denote the exterior derivative on The de Rham cohomology is the 

sequence of vector spaces defined by 




kerjdk) 
Im[dk-i] ’ 


We define the adjoint of the exterior derivative 8 called co-differential as follows: 
for each a e D.^[M) and f e 8 is given by 


(da,p}ic+i = (a,8p)k, 

where <, > is the metric induced in Q^(Af). The Laplacian acting on forms is defined by 
A-d 8 -\- 8 d and is called Laplace-Beltrami operator. 


Definition 5.1. The space of k-harmonic forms is defined by 

= {a £ D.^{M)-,Ma) = 0}. 

We remark that a form w is harmonic if it is closed and co-closed, that is, dw - 0 and 
8 ( 1 ) - 0. 


Theorem 5.2. (Hodge) Each de Rham cohomology class of a compact oriented differen¬ 
tiable manifold has unique harmonic representative. 
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Given a Riemannian manifold [M,g), the wedge product of harmonic forms is not 
harmonic in general. 

Sullivan in |20| proved that there exists topological obstructions to a Riemannian 
manifold admits a metric such that the wedge product of harmonic form is harmonic. 
This motivated the following definition. 

Definition 5.3 (Kotschick, HU). A Riemannian metric is called (metrically) formal if 
every wedge product of harmonic forms is harmonic. A smooth manifold is called geo¬ 
metrically formal if it admit a formal Riemannian metric. 

Examples of geometrically formal manifolds are the compact globally symmetric spaces 
and spheres. The cartesian product of geometrically formal manifolds (with the product 
metric) is again geometrically formal. 

Other examples of geometrically formal manifolds are (see [14] for details): HP^ = 
Sp(3)/(Sp(2) X Sp[l)), OP^ = F 4 /Spin{9), G 2 lSO[ 4 ), real Stiefel manifolds V 4 (IR^”'''^) = 
SO[2n-tl)lSO{2n-3),n> 3 and = SO[2n)lSO[2n-3), n>3. 

Geometric formality implies in the formality in the sense of Sullivan. In [12] one can 
find examples of manifolds that are formal in the sense of Sullivan but not geometrically 
formal. 

Clearly the problem of finding formal metric is a question in Riemannian geome¬ 
try. On the Other hand the existence of a formal metric implies in a restriction on the 
topology of M. 

In this work we will proceed a careful analysis in the cohomology ring on a given 
homogeneous space in order to find topological obstruction to existence of the formal 
metric. 

From this topological approach we cite [12] . In this work Kotschick and Terzic proved 
that full flags manifolds of the classical Lie groups SU{n], SO{2ri), SO(2u), Spin) and the 
full flag manifold of the exceptional Lie group Gz, do not admit any formal metric. 

We will prove that the full flag manifolds of the exceptional Lie groups £^,£ 7 , Eg and 
£4 do not admit any formal metric. 


6. Geometric formality for full flag manifolds 

Kotschick and Terzic have shown in [12] that full flag manifolds associated to the sim¬ 
ple Lie groups SU(n), SO{2n ■+ 1), Spin), SOi2n) and Gz are not geometrically formal. 
In this section we will show that the fuU flag manifold associated to £ 4 , Eg, Ej and Eg 
is not geometrically formal too. This will give a complete understanding of geometric 
formality on full flag manifolds of simple Lie groups, according the Cartan-KiUing clas¬ 
sification. 

Let us recall some results about the cohomology structure of full flag manifolds of 
classical Lie groups. 


Proposition 6.1 ([12]). The class represented by 

(6.1) x“^X 2 ^ 0 <ai<i, l<i<n, 

form a basis for the cohomology ofSUin - 1 - 1)IT" as a vector space. The multiplicative 
relations between the xi, • • •, x„ are given by: 


( 6 . 2 ) 


E 


}p-l 


}p-l 


ii+'"+ip=n-p+2 


p+l^n-p+2 


- 


= 0 , l< p<n. 


Lemma 6.2 ([HI). Let M be a dijferentiable manifold of dimension n^ + n, with n>2. 
Suppose there are n closed 2-forms, xi, - • -, x^ on M satisfying relations (6.2\) . Then o) - 
xi A x| A ■ • - A x” vanishes identically. In particular, w is not a volume form on M. 
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Proposition 6.3 ([12)). The classes represented by 


Ai ^2 


x“", 0 <q:,< 2 /- 1 , 1 < / < n, 


form a vector space basis for the cohomology ringofSpi n(2n+1)/ T” and Spin] IT". The 
multiplicative relations between xi, • • •, are given by 


(6.3) 


E 


ii+—+ip=n-p+l 


2ln 2ln—l 

Y ^ Y ^ 

-^n-p+l-^n 


p+2 


2i2 2ii 
' -^n-1 n 


= 0 , 1 < p< n. 


Lemma 6.4 ([12]). Let M be differentiable manifold of dimension 2n^, with n>2. Sup¬ 
pose that there are n closed 2-forms xi, • • •, x„ on M satisfying the relations 16.30 . Then 
w = xi A X2 A ■ • • A x^”“^ vanishes identically. In particular, w is not a volume form on M. 


We now proof the main theorem of this section. 


Theorem 6.5. The full flag manifolds F 4 IT, EqIT, E 7 IT and Eg IT are not geometrically 
formal, where T represents the maximal torus for each corresponding Lie group. 


Proof. We will proof the Theorem analyzing case hy case. 

( 1 ) In this way, we start proving that the flag manifold F^IT is not geometrically 
formal. 

Let us consider the following fihration 

Spin{9]IT^FilT^F4lSpini9]. 

According to the Leray-Hirsch’s Theorem we have 

H*iF4lT,m^ H*iSpini9]IT,m^H*iFilSpini9],m. 

Since F 4 IT and Spini9]IT are fc-symmetric spaces, Lemma lZSl imnlies that the 
restriction to the fiber is surjective in real cohomology. 

Suppose that F 4 IT is geometrically formal. 

We now use the basis xi,X 2 ,X 3 ,X 4 for the cohomology of Spin(9]IT given 
in the Proposition 16.31 Abusing of the notation we denote by xi,X 2 ,X 3 ,X 4 the 
harmonic representatives of the cohomology classes xi,X 2 ,X 3 ,X 4 on F 4 IT with 
respect to a formal metric. Therefore the relations 16.31 hold for these harmonic 
forms. 

If we restrict these forms to the fiber, using Lemma[6j4]we have that xi A x| A 
x| A xj vanishes identically and this contradicts the Lemma lZBl 

(2) The flag manifold EqIT is not geometrically formal. 

We consider the following fihration 

SU{ 6 )IT^^EelT^^EelSUm x 17(1). 


Using Leray-Hirsch’s Theorem we have 

H*(EelT,m^ H*(SU{6)1 T,m^H* {EelSU{6) xU{l],m. 

Since EglT and EelSU{ 6 ) x 17(1) are fc-symmetric spaces. Lemma IZBl implies 
that the restriction to the fiber is surjective in real cohomology. 

Suppose that Eel T is geometrically formal. 

We use the basis xi,--- ,X 5 forthe cohomology of SU{6]IT given in the Propo- 
sition leTl Abusing of the notation we denote by xi, • • •, X 5 the harmonic repre¬ 
sentatives of the cohomology classes ,xe on EelT with respect to a formal 

metric. Therefore the relations 16.21 hold for these harmonic forms. 

If we restrict these forms to the fiber SU{6)IT, Lemma \62\ implies that the 
form xi A X 2 A X 3 A x^ A Xg vanishes identically and this contradicts the Lemma 

Ml 
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(3) The flag manifold £7 / T is not geometrically formal. 

Let us consider the following fibration 

SUm/T^^ET/T'^ ^Ejisum X t7(l). 

By Leray-Hirsch’s Theorem we have 

H* {Ej/T^m^H*{SU {7)1 T^,m«'H*{E7ISU {7) X urn, m. 

Since EtIT"^ and E 7 lSU{ 7 ) x [/(I) are A:-symmetric spaces Lemma |2|8] implies 
that the restriction to the fiher is surjective in real cohomology. 

Suppose that £ 7 / T is geometrically formal. 

We use the basis xi, • • •, xe for the cohomology of SU{7)/T given in the Propo- 
sition lOl Abusing of the notation we denote by xi, • • •, xe the harmonic repre¬ 
sentatives of the cohomology classes xi, • • •, xe on £ 7 / T with respect to a formal 
metric. Therefore the relations 16.21 hold for this harmonic forms. 

If we restrict these forms to the fiber SU{7)IT, Lemma |6j2] implies that the 
form xi Ax| Ax| A - • • AXg vanishes identically and this fact contradicts the Lemma 
IZ 8 ] 

(4) The flag manifold Eg/T is not geometrically formal. 

Let us consider the following fibration 

SU{8)/T'^ ^ Es/T^ ^ EslSU{8) x [7(1). 

By Leray-Hirsch’s Theorem we have 

77*(£8/r,IR) = H*{SU{8)/T,m«H*{Ee/SU{8) x [/(1),IR). 

Since Eg/T and £ 3 /S[ 7 ( 8 ) x [/(I) are fc-symmetric spaces Lemma lZSl imnlies that 
the restriction to the fiber is surjective in real cohomology. 

Suppose that Eg/T is geometrically formal. 

We use the basis xi,X 2 ,-- - ,X 7 for the cohomology of SU{8)/T given in the 
Proposition 16.11 Abusing of the notation we denote by xi,X 2 ,-- - ,X 7 the har¬ 
monic representatives of the cohomology classes xi, • • •, X 7 on £3 / T with respect 
to a formal metric. Therefore the relations 16.21 hold for these harmonic forms. 

If we restrict these forms to the fiber SU{8)/T, Lemma I6j2] implies that the 
form xi A X 2 A X 3 A • • ■ A Xy vanish identically and this fact contradicts the Lemma 
EH 

□ 

In (la, Kotschick and Terzic proved that full flag manifolds of classical Lie groups 
and the full flag manifold of the exceptional Lie group G 2 are not geometrically formal. 
Therefore, together with the results of Kotschick and Terzic we have completed the list 
of fuU flag manifolds of compact simple Lie groups. We summarize this fact in the next 
Corollary: 

Corollary 6.6. LetG be a connected, compact, simple Lie group, T a maximal torus in G. 
The correspondent full flag manifold Gl T is not geometrically formal. 


7. Non geometric formality on other homogeneous space 


In this section we proof the non-geometric formality for several homogeneous space, 
including homogeneous space of exceptional Lie groups. 

Proposition 7.1. The generalized flag manifold¥ D{3;f,2) -SO{6)/U{2) x [/(I) isnotge- 
ometrically formal. 


Proof. The cohomology ring of Fd (3; 1,2) is given by 


H* (F£,(3:1,2),IR) 


IR [x,y,z] 
< 51 , 52 , 63 )’ 
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where si = S 2 -x^ + y‘^ + z^ and = xyz. 

A Grobner basis for the ideal (si,S 2 , 63 ) is 

bi=x^ + y^ + z^, b4-y^z + yz^, 

b 2 - xyz, bs = z^. 

ha = y^ + y^z^ + z^, 


Therefore we can consider the cohomology ring represented in the following way 


H'‘(Fd(3;1,2),IR) 


IR[x, y, z] 

{bi,b2,b2,b4,bs)' 


Nowy^z^ - yz^ generates the top-dimensional class H^°(F£)(3; 1,2),IR). 

Suppose Fd( 3;1,2) is geometrically formal. 

By Theorem l5.2l and abusing of the notation we still denote by x,y, z the harmonic 
representatives of the cohomology classes x, y, z e H^{¥j4{3; 1,2),IR). 

Using the relations hj s and geometric formality we have that y^z^ - yz^ is a volume 
form on Fd(3; 1 , 2 ). 

Given a 2-form a, we denote by Na - {v e rFo(3:1,2): ipa-0} - the kernel distribu¬ 
tion of a. Since the generators (2-forms) y, z satisfy z^ - y^ - 0 and dimFolS; 1,2) = 10 
it implies that the kernel distribution Ny and Nz has rank at least 2. Therefore we can 
choose locally linearly independent vector fields v e Ny and w e Nz- Note that by rela¬ 
tion bi we have 


(7.1) 


y^z-i-yz^ = 0 ^ y^z^ -Hyz^ = 0 ^ y^z^ = -yz‘^. 


Moreover, for any ve Ny and we Nz we have 

iwiiviy'^ + y^z^ + z'^]] = iwiy^ /\[ipZ^) + ivZ^) 

= {iwy^) A {iyZ^]+y'^ A iw(ivZ^) - 1 - iwiivz'^) 
- 4(iu;y) AyA(iyZ)Az, 

and we get 

(7.2) (/u;y) AyA(iyZ)Az = 0. 


Using 17.11 and 17.21 we obtain 


iwiviy^Z^ - yz‘^) 


iu,iy{y^z^ + fz^) 

iwiy^ A {iyZ^) -t y^ A [lyZ^]) 

iiwy^) A {iyZ^)+y^ AiyjiiyZ^) + {iwy^) A (iyZ^) -Hy^ A iwiipZ^) 
2{iiyy) Ay A3{ivZ) Az'^ +3{iyjy) Ay^ A2{iyZ) Az 
6((iwy) A y A [iyz] Az')Az + &{[iwy) Ay A [iyZ] A z) A y 
0, 


and this contradicts the fact that y^z^ - yz^ = y^z^ - 1 - y^z^ is a volume form; therefore 
SO( 6 )/U(l) X U{2) can not be geometrically formal. □ 


The next Proposition describes the cohomology ring of the generalized flag manifold 
F(n-H2;n,l,l) = SU{n + 2]!S{U[n] x [/(I) x U(l)). 

Proposition 7.2 ((T^). The cohomology ring o/F(n - 1 - 2; n, 1,1) is generated by two ele¬ 
ments X and y of degree 2 such that 

(7.3) x"+^ = 0 
and 

(x-t-y)”+ 2 -x "+2 

(7.4) - - -= 0. 

y 

The generators x and y can be described as follow: consider thefibration 

p:F(n-h2;n,l,l) 
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given by the projectivization of the tangent bundle o/CP"'*'^. Then x-p* [H) denote the 
pullback of the hyperplane class and y denote the tautological class on the total space, 
restricting to the hyperplane class on every fiber. 

Moreover, the relation [7^ can be rewritten as 

(7.5) y”+i + ciy” + --- + c„+i=0, 

where the ci are the pullbacks to the total space of the Chern classes of the base. 

Kotschick and Terzic have proved that the family ¥{n + 2; n, 1,1) is not geometrically 
formal (see ns]). In the next Proposition we analyse the geometric formality of the fam¬ 
ily of flag manifolds F(n-i-3;n, 1,1,1). 

Proposition 7.3. The family of generalized flag manifolds ¥[n + 3; n, 1,1,1) = SU{n + 
3)/S(t/(n) X [/(l)^) are not geometrically formal. 

Proof. Consider the following fihration 

F[n + 2; n, 1,1) —► ¥{n + 3; n, 1,1,1) —► CP”+^. 


Since the basis and the total space of such fihration are fc-symmetric spaces. Lemma 
12. Sh ell us that all cohomology classes of F(n -H 2; n, 1,1) are restrictions of cohomology 
class of F(n-i-3; n, 1,1,1). 

According to Pronosition l7.2l H* (F(n -i- 2; n, 1,1), R) is generated by two elements x, y 
in degree 2 with relations 


(7.6) 


= 0 and 


(x-|-y)”+2_jcn+2 

y 


= 0 . 


According to Leray-Hirsch’s Theorem, H* (F(u-i-3: n, 1,1,1), R) is a H* (CP”"^^, R) -module 
generated by x, y. 

We use the basis ofH* {¥{n+2; n, 1,1),R) givenby x andz = x-i-y inH^(F(u-i-2; n, 1,1),R). 

Suppose that ¥{n -H 3; n, 1,1,1) is geometrically formal. 

Using Theorem l5.2l we can identify x, z with their harmonic representatives (we use 
the same y, z to denote the harmonic forms). On F(n-i-3, n, 1,1,1), x and z satisfy x”'*'^ = 
z ”+2 = 0 and x”+i 0 z”+\ that is, rk(x) = rk(z) ^ 2 n + 2 . 

The rank of the kernel of x is dim(F(n -i- 3; n, 1,1,1))- r A;(x) -&n + 6-2n-2 =4u-i-4. 
Analogously the rank of the kernel of z is 4n -i- 4. 

Since the codimension of the fiber is 


dim(F(n -H 3; n, 1,1,1)) - dim(F(u -i- 2; n, 1,1)) = 6n -H 6 - 4n - 2 = 2n -H 4, 

the restriction of x and z to the fiber has a kernel of rank 2 n. 

Now rewritten l7.5l in terms of x and z we obtain 

(7.7) z”+i + xz” + x^z”-! + ■ • ■ + x”z” + x”+i = 0. 

Contacting the eauation l7.7l with a local basis for the kernel of x, {f i, ■ • ■, Vzn] we have 

(7.8) /yj • ■ ■ iv2n^"'^^ -I- X A = 0. 

Now contracting l7.8l withit; in the kernel of z we have 

(7.9) iwXAiy^---iv2 nZ" = 0. 
and therefore 

(7.10) iujiv,---iv2nx’'^^z"^0. 

Hence the restriction of x”''''^z“ to ¥{n + 2; n, 1,1) vanishes identically and this con¬ 
tradicts the Lemma[2j8] finishing the proof. □ 
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Our next result shows that a large class of S[/(«)-generalized flag manifolds do not 
admit any formal metrics. We introduce the following notation; 


FL(n) = 


suw 

S{U{ni) X U{n 2 ] X ••• X Uirik) x [/(I)"’)’ 


n- ni-\ - btiic + m, m^O and m>2, 


and 


SU(n] 

Bin) =- — - 

S((7(?2i+2) X [/(«2) X X !/(«*:) X 

Theorem 7.4. The family FL(? 2 ) is not geometrically formal. 

Proof. The proof is very similar to the proof of Proposition 17.31 Assume that FL(n) is 
geometrically formal. Now consider the fibration 


fin + 2; n, 1, 1) —► FL(n) —► Bin) 


and use the cohomology description of the fiber given by Proposition 17.21 and Leray- 
Hirsch’s Theorem in order to get an contradiction. We omit the details. 

□ 


Actually, we can produce several examples of non-geometricaUy formal examples us¬ 
ing the same techniques above (description of the cohomology of fiber, Leray-Hirsch’s 
Theorem, etc.). For instance, we can use the fibration 


(7.11) 


SUi3) Ee _ Ee 

r2 ^ SUi3) X [7(1)4 S[/(3)2 X [7(1)2 


in order to proof that EeliSUi3) x [7(1)4) jg geometrically formal. We summarize 
this in the next result, exhibiting a list of homogeneous space that are not geometrically 
formal (including several examples of homogeneous space of exceptional Lie groups). 


Theorem 7.5. The homogeneous spaces listed in the Tabl^are not geometrically formal. 

Proof. We will give the details just for the manifold EeliSUi3) x [7(1)4). Consider the 
fibration 17.111 . Since the basis and the total space of such fibration are fc-symmetric 
spaces. Lemma \T 8 \ tell us that all cohomology classes of SUi3) IT^ are restrictions of 
cohomology class otEeliSUi3) x [7(1)4). 

By Leray-Hirsch’s Theorem we have: 


H* 


Eg 


S[7(3) X [7(1)4 ’ 




>77* 


Eg 


S[7(3)2 X [7(1)2 ’ 


Consider the cohomology ring of SUi3)/T^ given by Proposition 16. II Suppose that 
7?6/(S[7(3) X [7(1)4) jg geometrically formal. Using Theorem l5.2l we can identify xi,X 2 
with their harmonic representatives (we use the same xi, X 2 to denote the harmonic 
forms with respect to the formal metric). Therefore the relations 16.21 hold for these 
harmonic forms. If we restrict these forms to the fiber SUi3)tT^, Lemma [6^2] implies 
that the form xi A x| vanish identically and this fact contradicts the Lemma lZSl 

□ 


8. Chern numbers on generalized flag manifolds 


8.1. Generalized flag manifolds of the classical Lie group SUin). 
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Table 1. Homogeneous spaces non-geometrically formal. 


SO{2n-t5)liU{n) x 

Spi2n-t2)l{Uin) x UHfl] 

EfllsUmVuW) 

Efl(SU{2) X uafl) 

Ee/{SU{3) X sum X uafl) 

Efl(SU{2fl X U(\fl) 

£y/(S[/(3) X [7(1)^) 

£y/(S[/(4) X uaf) 

E7t{SUi2flxUafl] 

£y/(St/(2)^x [7(1)4) 

£'y/(S[/(3) X St7(2) X [7(1)4) 

£y/(S[/(5) X uafl) 

EjliSUiA) X sum X C7(l)^) 

£8/(S[/(2) X [/(!)'>) 

£8/(S[/(3)x[7(1)^) 

Egt{SUi3] X SU{2) X [7(1)4) 

Enl{SU{5)xUafl) 

EjlSUW^niW) 

Eet{SU{4) X t/(l)4) 

£8/(S[/(2)" X [7(1)4) 

En/{su{4) X sum X uafl) 

Ffl[SU{2) X uafl) 

SO(2n + 4)lU{n)xUaf 



8.1.1. The generalized flag manifolds with 3 isotropy summands. Recall the notation 
about generalized flag manifold 

^{n-,ni,n 2 ,nfl = SU{n)lS{U[ni) x U{n 2 ) x Uinfl), 
where n-n\ + n 2 + n 2 . 

The isotropy representation of F(n; ni,n 2 , nfl splits into 3 isotropy summands. There¬ 
fore ¥{n\ n\,n 2 , nfl admits 4 invariant almost complex structures, up to conjugation: 

/! = (+,+,+) /a = (+,+,-) 

Ji — [ + ,—,+)■ 

In the next proposition we obtain a complete description of almost complex struc¬ 
tures on several generalized flag manifolds. This is done computing the Chern number 
c” where n is the complex dimension of the manifold. 

Proposition 8.1. The following generalized flag manifolds 


M 

dim (real) 

I(M) 

F(6; 1,2,3) 

22 

60 

F(7; 1,2,4) 

28 

105 

F(8;l,2,5) 

34 

168 

F(8; 1,3,4) 

38 

280 


have precisely four invariant almost complex structures up to conjugation and equiv¬ 
alence; three of them are integrable and the one is non-integrable. 

Proof. We will proof the proposition just for F(7; 1,2,4). To the other manifolds, the 
proof are similar. The Cartan sub-algebra f) of su{n] is given by 

f] = {diag(xi,• • •,xy): xi -I- • • • -I- xy = 0}. 

According lemma [T 6 l the invariant almost complex structures /i, J 2 and J 3 are in¬ 
tegrable and Ji is not integrable. In fact, by analyzing irreducible summands of the 
isotropy representation and the Weyl chamber of tj one can order the coordinates of the 
Cartan sub-algebra of (F(7; l,2,4),/i), (F(7; 1,2,4),/a) and (F(7; 1,2,4),/a) in the following 
way: 

/i: xi > X2 > X3 > X4 > X5 > xe > xy; 

J2. X2 > X3 > Xi > X4 > X5 > Xe > Xy; 

fl: xi > X4 > X5 > Xe > Xy > X2 > X3. 

On the Other hand there is no ordering on the coordinates of (F(7; 1,2,4), 74 ). In fact, 

the manifold (F(7; 1,2,4), 74 ) have the following roots: 
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xi -X2 > 0, X1-X3 > 0, xi - X4 < 0, xi - X5 < 0, xi - X6 < 0, xi - X7 < 0, X2 - X4 > 0 and 
X2 - X5 > 0. 

In this way, xi > X2, X2 > X4, but X4 > xi, that is, xi > X2 > X4 > xi, and this is a 
contradiction. 

The cohomology ring of F(7; 1,2,4) is given by: 


H* (F(7:1,2,4),IR) 


IR[Xi, X 2 , X 3 , X 4 , X 5 , X 6 , X 7 ] 
(ei, 62.63,64,65,66. e ?) 


where 6 j; = xf^ + x^ + X 3 + x| + x^ + Xg + Xy. 

The class X 2 X 3 X 4 x|xgXy e 7/^®(F(7;l,2,4),IR) generates the top dimensional cohomol¬ 
ogy class, where C 14 = 105x2X3X^XgXgXy. 

Computing the Chern number to the four invariant almost complex structures, 
we have 


Table 2. 



7l = (-H,-i-,-t) 

72 = (-.+.+) 

73 = (+.+,-) 

74 — (“. +. “) 

‘'I 

4169710642825728 

3967580897280000 

5340215200320000 

68881612800 


Since the Chern numbers computed in the table [2] are distinct for the 4 invariant 
complex structures we conclude that these structures are not equivalent. 

□ 

Remark 8.2. We list in the next table the relevant Chern numbers used in the proof of 
the DroDosition l 8 .ll 


M 

n 

7i = (+,+,+) 

/2 = (-,+,+) 

/3 = (+,+,-) 

/4 = (-,+,-) 

F( 6 ; 1,2,3) 


-166320000000 

187110000000 

-156539053440 

0 

F( 8 ; 1,2,5) 


-207657272688465600000 

-199318721129508524544 

303212843288789930496 

1250749500000000 

F( 8 ; 1,3,4) 

_£]_ 

301923064586776419730944 

262989979268101525440000 

347992057571330652480000 

363738375000000000 


Proposition 8.3. The 16-dimensional generalized flag manifold ¥ [5; 1,2,2) has 3 invari¬ 
ant almost complex structures, up to conjugation and equivalence: two of them are inte- 
grable and non-equivalent and third is non-integrable. 

Proof. We first remark that the almost complex structures /i, J 2 and J 3 are integrable 
and J 4 is non-integrable. In fact, one can ordering the coordinates of the Cartan sub¬ 
algebra of (Mi,/i), (Mi,/ 2 ) and (Mi, 73 ) in the following way: 

/i: xi > X2 > X3 > X4 > X5, 

/2 : X2 > X3 > Xi > X4 > X5, 

73 : xi > X4 > X5 > X2 > X3. 

By Lemma 13.61 we conclude that 7i. J 2 and 73 are integrable. On the other hand, the 

almost complex structure J 4 is not integrable since there is not exist an ordering com¬ 
patible with J 4 on the coordinates xi,X 2 ,X 3 ,X 4 ,X 5 such that the roots are positive. 

Now we will prove that the complex structures 7i and 73 are equivalent. Consider the 
following map: 

/: () c yl4 ^ f) c 7I4 

diag(Xi,X2,X3,X4,X5) diag(Xi,X4,X5,X2,X3). 

The map / is an automorphism of 1) that sends the root system of 7i into root system of 
73 and fixes the root system of S(t/(1) x (7(2) x (7(2)). By ProDosition l3.7l follow that 7i 
and 73 are equivalent. 
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The cohomology ring of F(5; 1,2,2) is given hy 


H* (F(5;1,2,2),IR) 


U[Xi,X2,X3,X4,X5] 
<61,^2, 63 , 64,65) 


where eic - x^ + x^ + x^ + x^ + x^. 

We can conclude the proof analyzing the Chern numbers of F(5; 1,2,2) listed in the 
TablejS] 

□ 


Tables. Chern numbers of F(5; 1,2,2) 



Jl = (H-.-t,-!-) 

h = (-,-H,-l-) 

/3 = 

Ji — (-l-,-l-,—) 

68 

30 

30 

30 

30 

^1 

15805440 

14696640 

2240 

15805440 

c “62 

7579680 

7085880 

760 

7579680 

6® 63 

2262960 

2143260 

220 

2262960 

3 

CJC4 

459990 

444690 

210 

459990 

Cl c^ 

3637010 

3419010 

290 

3637010 

cfcs 

66510 

65610 

90 

66510 

6^6263 

1087270 

1035720 

180 

1087270 

cfce 

7020 

7020 

60 

7020 


1746170 

1650870 

no 

1746170 

cfc^ 

325940 

314640 

360 

325940 

cf C 2 C 4 

221430 

215280 

140 

221430 

Cl 67 

540 

540 

60 

540 

Cicfc3 

522690 

500790 

70 

522690 

C\ C 2 C 5 

32070 

31770 

10 

32070 

Cl 63 64 

66660 

65610 

230 

66660 

h. 

838840 

797640 

40 

838840 

6264 

106660 

104260 

60 

106660 

^2^6 

3390 

3390 

10 

3390 

62 cf 

156880 

152280 

40 

156880 

C 3 C 5 

9690 

9690 

-30 

9690 

6 ® 

64 

13730 

13730 

130 

13730 


Remark 8.4. We now apply the Hirzebruch-Riemann-Roch Theorem. Since the arith¬ 
metic genus coincides with the Todd genus we have 

= (l/3628800)(-3c8-3c®-t24c®C2-50cJc2-t8c2c3 

-I- 2 IC 2 - 14CjC3 -|-26CjC2C3 -|-50Cic|c 3 -|-3CjC| 

- 8 c 2 c| -I- 14Cj 64 - 19Cj 6264 - 34c |64 - 13ci 6364 -H Sc^ 

- 7 c^C5 - I6C1C2C5 -1-36365 -I- 7 CjC 6 -t- 136265-1-36167). 

If M is a smooth manifold with a complex structure / we have (cf. (7), (13]) 


Therefore 


^(-l)4/j0,?^l_ 


q=0 


-3c 8 - 3Cj -I- 24c® 62 - 50Cj c| - 1 - 8 Cj c| 

21C 2 - 14c ®63 -H 26c® C 2 63 -I- 50ci c \63 -H 3c® 63 

8 C 2 C 3 -H 146 ^64 - 19636264 - 3463 64 - I 3 C 1 C 3 C 4 + 5c^ 

76® 65 - 16ci 6265 - 1-86365 - 1-76365 + 136265 - 1 - 36167 . 


3628800 
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The next theorem classify the almost complex structures in the family F(3«; n, n, n] - 
SU{3n)/S[U{n) x U{n) x U{n)). 

Theorem 8.5. The family of generalized flagmanifolds¥['in;n,n,n] - SU{3n)tS{U{n) x 
U{n) X U{n)) has two invariant almost complex structures, up to conjugation and equiv¬ 
alence: one is an integrable structure and the other is non-integrable. 

Proof The Cartan sub-algebra t) of su(n) is given by 

h = {diag(xi, • • •, X 3 n ): xi -t • • • -I- X 3 „ = 0 }. 

The isotropy representation ¥i3n;n,n,n] decomposes into three isotropic summands: 

nti = Ui,„+i ® ■ • ■ eUi,2n ■ • ■ U„,„+i ® • ■ • ® U„,2n, 
nt2 =Ui,2n+l ® •■•®Ui,3n---U„,2„+l ® •■•®U„,3n, 
nt 3 = U„+I, 2 n +1 ® ®Un+i,3„ •••U2 n,2n+1 ® ••• ® U2n,3ni 

with Uij = su{3n) n (g/y where gij is the (complex) root space associated to the 

root Uij - Xi - Xj ofs[(3«.C) = {su{3n))'^. 

According to Droposition l3.5l ¥{3n; n, n, n) admits four invariant almost complex struc¬ 
tures, up to conjugation: 

/! = (+,+,+) /2 = (-,+,+) 

/a = (+,+,-) /4 = (+,-,+)■ 

Bvlemma l3.6l the structures /i, Jz and J 3 are integrable. In fact, by analyzing irreducible 
summands of the isotropy representation and the Weyl chamber of t) we consider the 
following order for the coordinates on the Cartan sub-algebra: 

/l : Xi > • • • > X„ > X „+1 > • ■ • > X2n > X 2 „+l > • • • > X 3 „, 

Jz ■ Xn+\ > • • • > X 2 „ > Xi > ■ • ■ > X„ > X 2 „+l > • • • > X 3 „, 

J 3 : Xi > • • • > X„ > X2„+l > • • ■ > X3„ > X„+i > • • • > X2„. 

But there no exist an ordering to coordinates on the Cartan sub-algebra of (F(3tj; n, n, n),}^) 
where the roots are positive, hence Ji is not integrable. We now proof: 

Claim: J \, Jz and J 3 are equivalent. 

We being proving that /i and Jz are equivalent. We consider the map g: 1) —► f) given 
by 

g(Xi, ■ • • , X; 2 , X^+i • ■ • , X 2 fi, X 2 n+ 1 , ■ • • X3n) — (x^+i, • • ■ , Xzn,Xi, ••• , Xn,Xzn+\, " ' , X 3 / 2 ). 

The map g is an automorphism of 1) that sends the root system of /i onto the root 
system of Jz and keep fixed the root system of S{U{n) x U{n] x U{n]). 

In the same way, one can prove that /i and J 3 are equivalent: just consider the fol¬ 
lowing automorphism / of given by 

f{Xi, , X^,X/j+i , Xz/ 1 , Xz/t+ 1 '' ■' X3/z) — (Xi, • • ■ , Xn, X 2 n +1 , • • • , X3^, X^+i, • ■ • , Xzn), 

this way we conclude the proof. □ 

Remark 8 . 6 . The invariant complex structure on ¥{3n; n, n, n] described in the propo- 
sition [831 is compatible with the invariant Kahler-Einstein metric described by Arvani- 
toyeorgos in (3] . 

8.1.2. Thefullflagmanifold¥[A) -SU{A)IT. Consider the 12-dimensional full flag man¬ 
ifold F(4) = S (7(4) / r with Euler characteristic 24. 

According to [17] a Cartan sub-algebra 1) of su(4) is given by 

1) = {diag(x, y, z, w]: X -h y -h z -h w - 0, x,y,z, w £ Q. 

The isotropy representation of F(4) admits six isotropic summands, that is, 
m = mi ® m 2 ® m 3 ® m 4 ® ms ® me 

= U 12 ® Ui 3 ® Ui 4 ® U 23 ® U 24 ® U 34 , 
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where uij - su(4) n [Qij and Qfj is a complex root space associated to the root aij. 

By proposition 13.51 the flag manifold F(4) admits 2^ = 32 invariant almost complex 
structures up to conjugation. According to [16], F(4) admits exactly 4 invariant almost 
complex structures, up to conjugation and equivalence: 

/=(+,+,+,+,+,+) 7i = 

h = (+. +, +, +. +) h = (-, +, +, +, +), 


where / is integrable and 7i, I 2 and 73 are not integrable. 
The cohomology ring of F(4) is given by 


H* (F(4),IR) 


R[x,y,z, w] 
{ei, 62 , 63 , 64 ) 


where , with x, y, z, w in degree 2 and A; = 1,2,3,4. 

The Chern numbers of F(4) are in the table|4| 


Table 4. Chern numbers of F(4) 


J 

h 

h 

h 

c“ = 46080 

c“ = 0 

c« = 0 


cfc 2 =23040 

C^C2 = 0 

cfc2 = 0 

cfc2 = 0 

= 11520 


c, Cp = 0 

= 0 

c^C 3 = 7360 

c^C 3 = 384 

c^C 3 = -64 

c^ C 3 = 384 

= 5760 

^2=0 


^2=0 

C 1 C 2 C 3 = 3680 

C 1 C 2 C 3 = 192 

C 1 C 2 C 3 = -32 

C 1 C 2 C 3 = 192 

cfc4 - 1600 

CjC 4 = 384 

Cj C 4 = -64 

cf C 4 = 384 

= 1168 

= 144 

C 3 = -16 

c| = 144 

C 2 C 4 = 800 

C 2 C 4 = 192 

C 2 C 4 = -32 

C 2 C 4 = 192 

Cl Cs = 240 

Cl Cs = 144 

cics = -96 

C 1 C 5 = 144 

C 6 = 24 

C 6 = 24 

ce = -24 

Ce = 24 


The Hirzebruch-Riemann-Roch Theorem provides the following relations between 
the Chern numbers on the flag manifold (F(4), /), where / is invariant complex structure, 

60480 = 2c6- 2 ciC 5 - 9 C 2 C 4 - 5c^ C 4 - c| + IIC 1 C 2 C 3 + 5Cj C 3 

+ 10 c| + llc^c| - 12 Cj C 2 + 2 Cj. 

8.1.3. Thefullflagmanifold¥(5) = SU{5)/T. Consider the 20-dimensional fuU flag man- 
ifoldF(5) = SU{5]IT with Euler characteristic 120. 

According [T7| a Cartan sub-algebra f) of su(5) is given by 

1) = {diag(x, y,z,w,u) ■. x + y + z + w + u = 0, x,y,z,w,ueC]. 

The isotropic representation of F(5) admits 10 isotropic summands, that is. 


m = mi ® m2 ® ni3 ® m4 ® ms ® me ® ttiy ® ms ® nxg ® mio 
= U12 ® Ui 3 ® Ui 4 ® Uis ® U23 ® U24 ® U25 ® U34 ® U35 ® U45, 


where u,y = su(5) n [Qtj and Qij is a complex root space associated to the root aij. 

By proposition |3^ F(5) admits 2® = 512 invariant almost complex structures, up to 
conjugations. According [16j, F(5) admits precisely 12 invariant almost complex struc¬ 
tures, up to conjugation and equivalence: 


72 = 

7e = (-i-,-i-,-i-,-,-i-,-i-,-i-,-i-,-i-,-i-) 
78 = (-|-,-|-,-|-,-,-(-,-l-,-,-|-,-|-,-|-) 

7l0 = 


7l = 

7? — "E, "L, ~, ®, ~) 

hi = 
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where / is the canonical invariant almost complex structure (integrable). 
The cohomology ring of F(5) is given hy 




U[x,y,z, w, u] 
{ei,e 2 , 63 , 64 , 65 ) 


where with x,y,z, w, u in degree 2 and fc = 1,2,3,4,5. . 

The Chern numbers of F(5) with the respective invariant almost complex structure 
are in the tables[5]and[6l 


8.2. Generalized flag manifolds of the classical Lie group SO{2ri). In this section we 
will study the almost complex geometry of several flag manifolds of the classical Lie 
group SO{2n). We call this manifolds of flag manifolds of Di type. We will compute the 
Chern numbers of the invariant almost complex structures and use these numbers in 
order to distinguish them. In some cases, these numbers provide a complete classifica¬ 
tion of such structures, up to conjugation and equivalence. 


8.2.1. The flag manifold Fd(3; 1,2) = SO( 6 )/[/(l) x 1/(2). Consider the 10-dimensional 
flag manifold Fi 3 ( 3 ; 1,2) = SO(6)/t7(l) x 1/(2) with Euler characteristic x(Fd(3; 1,2)) = 12. 

We will use a set of T-roots given by Definition l2.2l and the ProDosition l2.3l in order 
to describe the irreducible isotropic summands of Fd(3; 1 , 2 ). 

The Cartan sub-algebra of [} of so ( 6 ) is given by 

(8.1) [} = I ^ ^ |, where A = {diag(x,y, z): x,y,z e C}, 

and complementary positive roots are: 

it'' = {x -I- y, X -h z, y -I- z, X - y, X - z}. 

Consider the sub-algebra i of 1) given by 

t= {dmg{di,-di,d2,-d2,d2,-d2]}. 

The restriction of the complementary roots to the sub-algebra i is the set of T -roots: 
Rt — {i(di -t d2], ±2d2, i(rli — ^ 2 )}. 


Therefore, 


iTi = m+(rfi+d2) ® m+2d2 ® ^±ldi-d2) 
= mi® m 2 ® m 3 . 


where, dimc(mi) = dimcfms) = 2 and dimc(m 2 ) = 1 . 

By proposition 13.51 Fn(3:1.2) admits 4 invariant almost complex structures, up to 
conjugation: 

/! = ( + ,+,+) /3 = ( + ,+.-) 

/2 = (-,+,+) 74 = ( + ,-,+)■ 


Using the same techniques as in the previous section one can check that /i, J 3 and J 4 
are integrable. 

The cohomology ring of Fd( 3; 1,2) is given by 


H* (Fd(3:1,2),K) 


Kjx, y, z] 

<51,52,63)’ 


where - x^^ + y^^ + z^^ and 63 = xyz, with x, y, z in degree 2 and A: = 1,2. 

The class 3(y^z^ - yz^) is the top Chern class in (M, R). 

The Chen numbers of the almost complex manifolds (Fd(3; 1,2),/j), i = 1,2,3,4 are 
in the table[71 


Proposition 8.7. The generalized flag manifold SO [6)! U[\) x U{2) admits at leasts in¬ 
variant almost complex structures up to equivalence and conjugation. 
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Table 5. Chern numbers of F(5) 



/ 

h 

h 

h 

h 

h 

uo 

‘'1 

3715891200 

0 

0 

0 

0 

0 


1857945600 

0 

0 

0 

0 

0 


610086400 

5806080 

-1236480 

6881280 

-1236480 

5806080 

cfc4 

14560000 

5806080 

-1236480 

6881280 

-1236480 

5806080 

c^Cs 

26464000 

2753280 

-629760 

3194880 

-629760 

2753280 

5 

C, C6 

3744000 

804480 

-219520 

890880 

-219520 

804480 


415200 

157920 

-56320 

165120 

-56320 

157920 


36000 

21120 

-10720 

21120 

-10720 

21120 

Li ^2 

928972800 

0 

0 

0 

0 

0 

4 S 

464486400 

0 

0 

0 

0 

0 

Li ^2 

232243200 

0 

0 

0 

0 

0 


116121600 

0 

0 

0 

0 

0 

Li L3 

100160000 

1908480 

-416000 

2273280 

-416000 

1908480 

CiC^ 

16442400 

470880 

-104640 

564480 

-104640 

470880 

C^C2C3 

50080000 

954240 

-208000 

1136640 

-208000 

954240 

cfc^C3 

152521600 

1451520 

-309120 

1720320 

-309120 

1451520 

CiC^Cs 

76260800 

725760 

-154560 

860160 

-154560 

725760 


2504000 

477120 

-104000 

568320 

-104000 

477120 


5699200 

456960 

-106880 

552960 

-106880 

456960 

C2C4 

2849600 

228480 

-53440 

276480 

-53440 

228480 

C^C3C4 

23899200 

1182720 

-261440 

1413120 

-261440 

1182720 

C1C9 

2400 

1920 

-1440 

1920 

-1440 

1920 

C^C2C3 

305043200 

2903040 

-618240 

3440640 

-618240 

2903040 

C1C2C5 

13232000 

1376640 

-314880 

1597440 

-314880 

1376640 

cfc^C4 

36400000 

1451520 

-309120 

1720320 

-309120 

1451520 

cfczce 

1872000 

402240 

-109760 

445440 

-109760 

402240 

cfc3C5 

43424400 

493920 

-117600 

577920 

-117600 

493920 

C1C2C7 

207600 

78960 

-28160 

82560 

-28160 

78960 

C^‘C2C4 

72800000 

2903040 

-618240 

3440640 

-618240 

2903040 

Cl C2 C5 

661600 

688320 

-157440 

798720 

-157440 

688320 

C1C2C3C4 

11949600 

591360 

-130720 

706560 

-130720 

591360 

C1C3C6 

614000 

138000 

-39200 

153600 

-39200 

138000 

C1C4C5 

1034400 

149760 

-38880 

178560 

-38880 

149760 

C2C8 

18000 

10560 

-5360 

10560 

-5360 

10560 

CyC4 

18200000 

7257760 

-154560 

860160 

-154560 

725760 

^C6 

936000 

201120 

-54880 

222720 

-54880 

201120 

C2C3C5 

2171200 

246960 

-58800 

288960 

-58800 

246960 

C3C7 

68040 

26520 

-9880 

27720 

-9880 

26520 

C3C4 

3922400 

232320 

-52640 

280320 

-52640 

232320 

C4C6 

146000 

37440 

-11760 

42240 

-11760 

37440 

C^ 

187360 

39360 

-11840 

46560 

-11840 

39360 

Cio 

120 

120 

-120 

120 

-120 

120 


By Hirzebruch-Riemann-Roch Theorem we have 

5 

^ ( 1 / 1440 )(-CiC 4 + C^C 3 + 3 Cic|-C^C 2 ). 

< 7=0 
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Table 6 . Chern numbers of F(5) - continuation 



h 

h 

h 

h 

fio 

hi 

^10 

0 

0 

0 

0 

0 

0 

cfo 

0 

0 

0 

0 

0 

0 

c(^ 

-573440 

0 

53760 

-17920 

53760 

-17920 

cfc^ 

-573440 

0 

53760 

-17920 

53760 

-17920 

cfc^ 

-335360 

0 

19200 

-6400 

19200 

-6400 

5 

C, C6 

-129280 

-10240 

2560 

1280 

2560 

1280 

^7 

-34240 

-10240 

1120 

1760 

1120 

1760 

C^C^ 

-6400 

-4480 

1120 

800 

1120 

800 

Li ^2 

0 

0 

0 

0 

0 

0 

4 

0 

0 

0 

0 

0 

0 

Li ^2 

0 

0 

0 

0 

0 

0 

h. 

0 

0 

0 

0 

0 

0 

Li L3 

-161280 

-20480 

20480 

-2560 

20480 

-2560 

CiC^ 

-33600 

-9600 

5280 

1440 

5280 

1440 

c^czcj 

-80640 

-10240 

10240 

-1280 

10240 

-1280 

cfc^C3 

-143360 

0 

13440 

-4480 

13440 

-4480 

CiC^C3 

-71680 

0 

6720 

-2240 

6720 

-2240 


-40320 

-5120 

5120 

-640 

5120 

-640 

c^c'^ 

-17920 

-20480 

7040 

1920 

7040 

1920 

C2C4 

-8960 

-10240 

3520 

960 

3520 

960 

C^Csd 

-89600 

-20480 

13760 

-320 

13760 

-320 

C1C9 

-960 

-960 

480 

480 

480 

480 

C^C2C3 

-286720 

0 

26880 

-8960 

26880 

-8960 

C1C2C5 

-167680 

0 

9600 

-3200 

9600 

-3200 

cf C2C4 

-143360 

0 

13440 

-4480 

13440 

-4480 

cfc2C6 

-64640 

-5120 

1280 

640 

1280 

640 

cfcscs 

-45760 

-9600 

4800 

640 

4800 

640 

C1C2C7 

-17120 

-5120 

560 

880 

560 

880 

cfc2C4 

-286720 

0 

26880 

-8960 

26880 

-8960 

ClC^Cs 

-83840 

0 

4800 

-1600 

4800 

-1600 

C1C2C3C4 

-44800 

-10240 

6880 

-160 

6880 

-160 

C1C3C6 

-17760 

-4160 

560 

1520 

560 

1520 

Cl C4C5 

-3840 

-9600 

2400 

1440 

2400 

1440 

C2C8 

-3200 

-2240 

560 

400 

560 

400 

C2C4 

-71680 

0 

6720 

-2240 

6720 

-2240 

c^c^ 

-32320 

-2560 

640 

320 

640 

320 

C2C3C5 

-22880 

-4800 

2400 

320 

2400 

320 

C3C7 

-4840 

-2120 

40 

840 

40 

840 

C3C4 

-13440 

-7040 

2720 

1760 

2720 

1760 

C4C6 

-1600 

-2880 

240 

1360 

240 

1360 

c^ 

-1760 

-4320 

800 

1120 

800 

1120 

Cio 

-120 

-120 

120 

120 

120 

120 


Since the cohomology ring of F^jCS; 1,2) is of type { p , p ), - 1. it holds 

the following relation between the Chern numbers: 

1440 = -Cl C4 + Cj C3 + 3ci C2 - Cl C2. 
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Table 7. Chern numbers of SO[6)IU{1) x U[2) 



(+,+,+) 

(-.+,+) 

(+,+,-) 

(+.-,+) 

C 5 

12 

12 

12 

-12 

h 

4500 

-20 

4860 

-4500 

Cj*C 2 

2148 

-4 

2268 

-2148 

C^C3 

612 

20 

612 

-612 

C 1 C 4 

108 

12 

108 

-108 

Cl 4 

1028 

-4 

1068 

-1028 

C 2 C 3 

292 

4 

292 

-292 


8.2.2. The flag manifold ¥ - SO( 8 )/t/(l) x t/(3). Consider the 18-dimensional 

flag manifold Fi 3 ( 4 :1,3) = SO(8)/i7(l) x [/(3) whose Euler characteristic is x(Fi 3 ( 4 ; 1,3)) = 
32. 

The Cartan sub-algebra f) of so ( 8 ) is 

f) = I ^ A )’ ^^ 

The complementary roots are: 

it'' = {Xi -t X 2 , Xi -I- X 3 , Xi -t X 4 , X 2 -t X 3 , X 2 -t X 4 , X 3 -H X 4 , Xi - X 2 , Xi - X 3 , Xi - X 4 }. 

Consider the sub-algebra i of f) given by 

t = {diag(rfi, -di, ^2) -d2,d2,-d2, d2, -^2)}. 

The restriction of the complementary roots to the sub-algebra i is the set of T -roots: 
Rt — {+(di + ^2), + 2 ^ 2 , ildi —1^2)}. 


Therefore, 


m 


By DroDosition l2.3l 


^±{di+d2] ® tn+2^f2 ®tn+(^^_^2) 
mi ® m 2 ® m 3 . 


ttll = Qxi+X 2 ® B-{Xi+X 2 ) ® BX 1 +X 3 ® 0-(j;i 4 -^: 3 ) ® Bxi+Xi ® 0-(Xi-l-X4) > 
tn2 = 03:2 + X 3 ® 0-(3:2-l-X3) ® BX 2 + X 4 ® B-{X 2 + X 4 ) ® 0X3-I-X4 ® 0-(X3-l-JC4) > 
tn3 = 03:1-3:2 ® 0-{ji:i-3:2) ® 031-3:3 ® 0-(3l-33) ® 03l-34 ® 0-(3l-34) > 

and dime (mi) = dime (m2) = dime (m 3 ) = 3. 

According to DroDosition l3.5I Fn(4:1,3) admits 4 invariant almost complex structures 
up to conjugation, namely. 


/! = (+.+,+) /3 = (+,+,-) 

Jz —(.—,+,+) /4 = (+i“i+)- 


The cohomology ring of Fd (4; 1,3) is 


H* (Fd(4;1,3),IS) 


IR[x,y, z, w] 
(■Si, 52,53,64) 


where sj; = x^*^ and 64 = xyzw, with x,y, z, w in degree 2 and k - 1,2,3. 

The Chern numbers of the almost complex structures (Fe)(4; l,3),/() are in the table 

in 


Proposition 8.8. The generalized flag manifold SO[8) t U{1) x (7(3) admit at least! in¬ 
variant almost complex structures up to conjugation and equivalence. 
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Tables. Chern numbers of S0(8)/[/(I) x U{3) 



(+,+,+) 

(-,+,+) 

(+,+,-) 

(+,-,+) 

C 9 

32 

32 

32 

32 

C 1 C 8 

-96 

96 

96 

0 

ClCl 

-786 

786 

786 

-6 

cfcy 

-1632 

1632 

1632 

0 

C 3 C 6 

-2958 

2958 

2958 

6 

C 1 C 2 C 6 

-9792 

9792 

9792 

0 

cfce 

-20352 

20352 

20352 

0 

C 4 C 5 

-5592 

5592 

5592 

-24 

Cl C 3 C 5 

-26976 

26976 

26976 

0 

C 2 C 5 

-43128 

43128 

43128 

-24 

C 1 C 2 C 5 

-89856 

89856 

89856 

0 

C^C2C3 

-2974464 

2974464 

2974464 

0 

3 

c\cs 

-187392 

187392 

187392 

0 

C 1 C 4 

-37440 

37440 

37440 

0 

C 2 C 3 C 4 

-87138 

87138 

87138 

-6 

cfc3C4 

-181728 

181728 

181728 

0 

C 1 C 2 C 4 

-291168 

291168 

291168 

0 

C^C 2 C 4 

-608256 

608256 

608256 

0 

C^C4 

-1271808 

1271808 

1271808 

0 


-126800 

126800 

126800 

48 

C 1 C 2 C 3 

-423936 

423936 

423936 

0 


-885888 

885888 

885888 

0 

C^C3 

-679698 

679698 

679698 

-6 

cfc^C3 

-1421280 

1421280 

1421280 

0 

C^C3 

-6230016 

6230016 

6230016 

0 

I 

CiC^ 

-2280960 

2280960 

2280960 

0 

cfc^ 

-4776192 

4776192 

4776192 

0 

b 2 

-10008576 

10008576 

10008576 

0 

C(C 2 

-20987904 

20987904 

20987904 

0 


-44040192 

44040192 

44040192 

0 


Applying Hirzebruch-Riemann-Roch Theorem we have 




(1/7257600)(-3c^C 2 +21c^cf -42cjc^ + 26cJc2C4 +3c®C3 

13c^ C3C4 - 3Cj C4 + 2IC1C2 - 34 cic|c 4 + Scic^ +3c^C5 
29 c^C 2C3 + 50 CjC|c 3 + 8cJc| -8CiC2c| - 16 CjC 2C5 + 3C1C3C5 
3c^ C6 + 13ci C 2 C 6 + 3Cj Cy - 3ci cs). 


Since the cohomology of (Fd( 4; 1,3),/) (with / integrahle) is of type {p, p), 
1 it holds the following relation between the Chern numbers: 


7257600 


= -3CjC2 +21c^C2 - 42 c^C 2 +26 Cj C2C4 +3c®C3 - 13c^ C3C4 - 3Cj C4 
+ 2 IC 1 C 2 - 34 C 1 C 2 C 4 + 5CiC^ +3 c^C5 -29c^C2C3 + 50CjC2C3 +8c^C3 
- 8CiC2c| - I6C3 C2C5 + 3C1C3C5 - 3Cj C6 + 13 CiC 2C6 + 3C3C7 - 3 CiC 8. 


8.2.3. The flag manifold ¥0 {4:; 4) - SO{8)lU[4). Consider the 12-dimensional general¬ 
ized flag manifold ¥d{4)4) - SO(8)/17(4) with Euler characteristic 8. 
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According (17], a Cartan sub-algebra t) of so ( 8 ) is given by 

1) = I ^ A ) ’ ^ ~ {diag(x, y, z, w): x,y,z, w eC]. 

The set of positive roots of Fi 3 ( 4 ; 4 ) is 

TV'' - {x +y,x +z,x+iu,y +z,y+w,z+w}. 
Consider tbe following sub-algebra t of 1) given by 


t — diagldi, 

The restriction of the roots ff to t is the set 


Rj — {+2di} 


and consequently the isotropy representation of Fi 3 ( 4 ; 4 ) decompose in just one com¬ 
ponent 

m = m+(2di), 

that is, Fi 3 ( 4 ; 4 ) is isotropically irreducible. Actually, Fi 3 ( 4 ; 4 ) is a Hermitian symmetric 
space. 

According tbe proposition 13.51 Fd( 4;4) admits just one invariant almost complex 
structure, up to conjugation. 

Let us compute tbe Cbern number of Fi 3 ( 4 ; 4 ) = SO(8)/?7(4) with respect to this in¬ 
variant complex structure. Consider the cohomology ring 


H* (F£,(4:4),IR) 


IR [x, y, z, w] 

<Si,S2,S3,e4> 


where and 64 = xyzw, with x,y,z, w in degree 2 and k - 1,2,3. 

The Chern numbers of (SO(8)/17(4),/), where / is the canonical complex structure, 
are listed in the next table. 


Chern numbers of (Fd( 4;4),/) com / = (-H) 

C6 = 8 

C 1 C 5 = 144 

C 2 C 4 = 704 

cf C 4 = 1584 

= 1152 

C 1 C 2 C 3 = 4608 

c^C3 = 10368 

=8192 

= 18432 

cfc 2 =41472 

=93312 


According to the Hirzebruch-Riemann-Roch Theorem the Chern numbers must sat- 


isfy tbe relation: 



= ( 1 / 60480 ) ( 2 C 6 -2 CiC5 -9C2C4 -5 CjC4 - c| -H IIC1C2C3 -i-5c^C3 

+ IOC2-t llc^C2 - 12 Cj C2-l- 2 c®). 

Therefore, 


60480 

= 2 c6 - 2ci C5 - 9 c2 C4 - 5 Cj C4 - c| -t 1 Ici C2C3 -t 5 Cj C3 

+ 10 c|-H llCjC| - 12 CjC2 -t 2 Cj. 


8.3. Generalized flag manifolds of classical Lie groups SO{2n -H 1) and Spin). In this 
section we compute the Chern numbers of some generalized flag manifolds of the clas¬ 
sical Lie groups SO{2n + 1) and Spin). 
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8.3.1. Theflagmanifold¥Bi2;l,l) -SO{5)/T. Consider the full flag manifold (2; 1,1) = 
SO(5)/r with real dimension 8 and Euler characteristic x(Fb(2; 1,1)) = |^ 0 { 5 )l = 2^-2 = 
8 , where \Wso[ 5 )\ is the order of the Weyl group ofSO(5). 

( Q \ , ^ 


Let 1) = 


A 


-A 


, with A = 


Consider the following maps 


, be a Cartan sub-algebra of so(5). 


Ai: A = diag{x, y} —► x and A 2 : A = diag{x, y] —► y. 


The roots of Fb( 2; 1,1) are described as foUow: ai = Ai, a 2 = ■^ 2 . “■^2 and 

-t 0:2 = Ai -H A 2 . Therefore the isotropy representation of Fb( 2: 1,1) admits 4 isotropy 
summands: 

m = m-i ® m2 ® m3 ffi m4 

~ fl+ai ® fl+aa ® fl±(“i-“2) ® 0±(“i+“2)■ 

By DroDosition l3.5l Fg (2; 1,1) has 2^ = 8 invariant almost complex structures up con¬ 
jugation. The canonical complex structure / is represented by / = (+, +, +, +). 

The Chern classes of Fb( 2; 1,1) are given by 

Cl (Fb (2; 1, D) = 3x + y C 2 (Fb( 2 ; 1,1)) = 3xy - 4y2 

C 3 (Fb( 2 ; 1, D) = -2(xy2 + 2y^) C 4 {Fb( 2 ; 1,1)) = -2xy^. 

The Chern numbers of Fb (2; 1,1) are given in the next table: 

Chern numbers of (Fb(2; 1,1),/) 
cf = -384 cj = -96 

Cj C2 = -192 C4 = -8 

C1C3 = - 56 . 

The relations between the Chern numbers are given by the Hirzebruch-Riemann- 
Roch Theorem 

720 = -C4 + C1C3+3c2+4c^C 2 - c^ 

= 8-56 + 3(-96)+4(-192)+384 

= -1112 + 392 

= 720. 


8.3.2. The flag manifold¥B&,'i) - SO{7)IU{3). LetFB(3;3) = SO(7)/t/(3) be a 12-dimensional 
flag manifold with Euler characteristic x(Fb(3:3)) = 2^3!/3! = 2^ = 8 . 

0 


Let f) = 


A 


-A 


V 

( ^ 

, with A = 

y 


{ z , 


, be a Cartan sub-algebra of so(7). 


Consider the linear functionals given by 


Ai: A = diagjx, y, z] —► x, 
A 2 : A = diagjx, y, z} —► y, 
A 3 : A = diagjx, y, z} —► z. 


The positive complementary roots of Fb(3;3) are the following: ai = Ai, 0:2 = ^ 2 i «3 = 
A 3 , ct 4 = Ai + A 2 , CK 5 = Ai + A 3 and (Zq = A 2 + A 3 . 



f ° 1 


f 

Let i be the sub-algebra defined by t = 

A 

, with A = 

di 


1 -A J 


. d-i , 


The set of T-roots is given by, 


Ht — {idi,+ 2 di}. 


By DroDosition l2.3l we have 


m 


mi ®m 2 

m+2di ®m+di. 
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By DroDosition l3.5l Fg (3; 3) admits 2 invariant almost complex structures, up to con¬ 
jugation. 

The cohomology ring of F^ (3; 3) is given by 


H* (Fb(3:3),IR) 


R[x,y,z] 

{Sl,S2,S3>’ 


where Sk - -t with x, y, z in degree 2 and k - 1,2,3. 

The Chern numbers of (Fg (3; 3), /), where / is the canonical almost complex structure 
are given by: 


Chern numbers of (Fb(3;3),/) 

C 1 C 5 = 144 

cfcl = 18432 

c^C4 = 1584 

Cl C 2 C 3 = 4608 

CjC 3 = 10368 

c| = 8192 

cfc 2 =41472 

C 2 C 4 = 704 

Cl = 6144 

cl = 1152 

C6 = 8 



The relations between the Chern numbers are given by the Hirzebruch-Riemann- 
Roch Theorem 


60480 = 2C6-2CiC 5-9C2C4 - 5Cj C 4 - c|-I-IIC 1 C 2 C 3 H-5Cj C 3 

+ IOC 2 + llCjC 2 - 12 CjC 2 +2c® 

8.3.3. The flag manifold Fc(2;l,l) = Sp{2)IT. Consider the 8-dimensional flag mani¬ 
fold Fc(2; 1,1) = Sp{2)/T with Euler characteristic j(Fc(2; 1,1)) = |^o( 5 )l = 2^.2 = 8. 

Let f) = I ^ ^ j,withA=| ^ ^ j, be a Cartan sub-algebra of sp (2). 

Consider the linear functionals 


Ai: A = diaglx, y] —► x and A 2 ; A = diag{x, y] —► y. 

The roots of Fc(2; 1,1) are given by: 2a:i = 2Ai, Zaz = 2 A 2 , ai -a 2 = ^1 “^2 and ui -i-a 2 = 
Ai -H A 2 . Therefore the isotropy representation of Fc(2; 1,1) admits 4 isotropy summands: 


m = nti ® m2 ® m3 ® m4 

~ 0±2ai ® B±2a2 ® 0+{ai— 0 : 2 ) ® B+icci+ccz)- 


By DroDosition l3.5I Fr (2; 1,1) admits 2^ = 8 invariant almost complex structures, up to 
conjugation. Let / be the canonical invariant complex structure, that is, / = (+, +, +, +). 
Consider the cohomology ring of Fc(2; 1,1) 


H*(Fc(2;l,l),IR) 


mx,y] 

(Sl.Sz)’ 


where Sk - x^^ + y^^, with x, y in degree 2 and k- 1,2. 

The Chern classes of Fc(2:1,1) are given by 

Ci[M) -4x + 2y cziM) -8xy-6y^ 

CsiM] --4(xy^+ 3y^] Ci{M)--8xy^. 


The Chern numbers of Fc(2; 1,1) are listed in the following table: 


Chern numbers of (Fc(2; 1,1),/) 
cl = -384 cl = -96 

CjC2 = -192 C4 =-8 

C 1 C 3 = -56. 


Remark8.9. Note that Chern numbers of SO[5)/T and Sp[2)/T are the same, but the 
Chern classes of these two manifolds are different. 
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8.3.4. The flag manifold Fc(3; 1,1,1) = Sp{3]/T. Consider the 18-dimensional full flag 
manifold Fc(3; 1,1,1) = Sp{3)IT with Euler characteristic ;t;(Fc(3; 1,1,1)) = 2^3! = 48. 

X ^ 

,withA= y , be a Cartan sub-algebra ofsp(3). 

2 


Let t) - 


A 


-A 


Consider tbe linear functionals given by 


Ai: A = diaglx, y, z] —» x, 

A-z'-A- diaglx, y, z] —> y, 

A 3 : A = diaglx, y, z] —» z. 

The roots of Fc( 3 ; 1 , 1 , 1 ) are given by: 2 o;i = 2 Ai, 2a2 = 2A2, 2a3 = 2A3, ai -a2 = Ai - A2, 
cti—ctz — Ai — A3, cr2 —0:3 = A2 — A3, CC1 + CC2 — Ai-tA2, Ui-1-0:3 — Ai-tA3 and0:2-1-0:3 — -^2-1-A3. 
The isotropy representation of Fc( 3 : 1 , 1 , 1 ) admits 9 isotropy summands: 


m = mi ® m 2 ® m 3 ® m 4 ® ms ® me ® my ® ms ® mg 

— 9±2ai ® £l+ 2 a 2 ® 0 +( 2 a 3 ) ® 0 ±(ai-a 2 ) ® 9±(ai—^ 3 ) ® 0+(a2“ff3) 

® fl+(ai-Ki:2) ® fl+(ai-Ki:3) ® fl±(a2-Ki:3)• 


Therefore Fc(3; 1,1,1) admits 2® invariant almost complex structures up to conjugation. 

Let us consider the canonical invariant almost complex structure / = (+,+,-t,+,-t,+,-t,+,+) 
and compute their Chern numbers. 

The cohomology ring of Fc(3; 1,1,1) is given hy 


H*(Fc(3;l,l,l),IR) 


i?[x, y, z] 

(5i,S2,S3>’ 


where Sk - x^^ + y^^ + z^^, with x, y, z in degree 2 and k - 1,2,3. 
The Chern numbers of Fc(3; 1,1,1) are listed in the tahle[^ 


Table 9 . Chern numbers of (Sp(3) IT, J] J invariant complex structure 


(+.+,+) 


(+,+,+) 

CO 

1 

II 


cic^ = -270208 

cics = -1056 


C 2 C 3 C 4 = -578480 

C 2 C 7 = -7696 


c^C 3 C 4 = -1156960 

cfcy = -15392 


C 1 C 2 C 4 = -1773504 

C 3 C 6 = -26096 


c^C 2 C 4 = -3547008 

C 1 C 2 C 6 = -80272 


c^C 4 = -7094016 

c^C 6 =-160544 


= -807072 

C 4 C 5 = -46768 


C 1 C 2 C 3 = -2473376 

C 1 C 3 C 5 = -201040 


= -4946752 

CyCs = -308544 


cijc 3 = -3789792 

Cj C 2 C 5 = -617088 


c5=c^C3 = -7579584 

cfc 2 C 3 = -15159168 


c^C 3 = -30318336 

cfcs = -1234176 


cic| = -11612160 

cf = -23224320 


c( C 2 = -92897280 

= -46448640 


= -185794560. 


The relations between the Chern numbers are given by the Hirzebruch-Riemann- 
Roch Theorem: 

7257600 = -3Cj C 2 +21c^ C 2 -42c^ C 2 -t 26Cj C 2 C 4 +3c®C3 - 13c^C 3C4 - 3Cj C 4 

+ 2 IC 1 C 2 - 34 C 1 C 2 C 4 -|-5CiC^ +3 c^C5 -29c^C2C3 + 50CjC2C3 +8c^C3 
- 8 CiC 2 c| - 16c^C2C5 + 3 C 1 C 3 C 5 -3CjC6 + 13CiC2C6 + 3 c^C 7 -3CiC8. 
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8.4. Generalized flag manifolds of the exceptional Lie group G 2 . We start with some 
basic facts about the Lie algebra of Gz- 

Consider the Cartan sub-algebra f) of qz as a sub-algebra of the diagonal matrix of 
sl(3) and let A/ be the functional of f) defined by 

A/: diagl^i, az, az ]'—^ (li- 

The simple roots of Gz are ai = Ai -A 2 and a 2 = ^ 2 - The set of positive roots are given 
by 

it'' = {ai,a 2 ,a:i -i-a 2 .a:i +2az,cci -i- 3 a: 2 i 2 ai -i- 3 a 2 }- 

The maximal root of G 2 is /i = 2ai -i- 3 a 2 . For more details about the Lie algebra struc¬ 
ture of 02 see [17] . Therefore we have three flag manifolds associated to the Lie group 
Gz: 

(1) Fg -GzIT, the full flag manifold. This manifold has 6 isotropy summands. 

(2) = GzlU{2) definedin terms of simple rootsby© = 2-{ai}. This flag mani¬ 
fold has 2 isotropy summands; 

(3) Fg „2 - GzIU (2) defined in terms of simple roots by 0 = Z - {a 2 }-This flag mani¬ 
fold has 3 isotropy summands. 

We will compute in the next sections the Chern numbers of (Fg,/) (where / is the 
canonical invariant complex structure), Fg^j^ and Fg^^^ ■ 


8.4.1. The full flag manifold Fg = GzlT. Let us consider the 12-dimensional full flag 
manifold Fg = GzIT. The Euler characteristic of Fg is x(Af) = Wg 2 \ - 12, where \Wg 2 \ is 
the order of the Weyl group of Gz- 

The decomposition of the tangent space at the origin is given by 


m = rrii ® m2 ® trij ® 1114 ® mj ® me 

— 0ai ® 9a2 ® 0ai+a:2 ® 0ai+2a2 ® 0ai+3a2 ® 02ai+3a2‘ 


According to DroDosition l3.5l Fg admits 2^ = 32 invariant almost complex structures up 
to conjugation. Furthermore, Fg has a canonical invariant complex structure compati¬ 
ble with the Kahler-Einstein metric, see (5). 

Let us compute the Chern numbers of (Fg, /), where / is the canonical invariant com¬ 
plex structure. 

The cohomology ring of Fg: 


H*(Fg,[R) 


IR[x, y,z] 

{Si,Sz,S3)’ 


where si = x + y + z, sz = and S 3 = x® - 1 - y® -H z®. 

In the next table we compute the Chern numbers of (Fg,/). 


Chern numbers of (Fg,/) 

II 

ro 

c® = 46080 

Cl C 5 = 192 

C 1 C 2 C 3 = 3632 

CjC4 = 1504 

cfc^ = 11520 

c®C3 = 7264 

c^C2 = 23040 

C 2 C 4 = 752 

cl = 1144 

c^Cz - 5760 


According to the Flirzebruch-Riemann-Roch Theorem the Chern numbers must sat¬ 
isfy the following relations: 

= 2c 6 - 2ciC5 - 9 c 2 C4 - 5 Cj C4 - C3 + 1 Ici C2C3 + 5 Cj C3 

-I- IOC 2 + llCj c| - 12 CjC 2 +2c®. 


60480 
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8.4.2. The flag manifold - GzlUil) with 3 isotropic summands. Consider the 10- 
dimensional flag manifold “ GzlUiZ), where az is the long root of Gz- The Euler 
characteristic of this manifold is xIFg^^^ “ \2I2 = 6 . 

The flag manifold Ga 2 - GzlU (2) is defined using the set of simple roots 0 = Z - {aal 
and has 3 isotropy summands mi, m 2 and m 3 given by 

mi = R'^ [az, 1) = {ai - 1 - az, az], 

m 2 = R'^[az,2) - {ai -i- 2 a 2 }, 

m 3 = i?'''(a2i3) = {cti -i-3o;2i2ai -i-3a2}- 

According to proposition 13.51 the flag manifold admits 4 invariant almost complex 
structures, up to conjugation: 


/! = ( + ,+,+) /3 = (-,+.-) 

/2 = (-,+,+) /4 = ( + ,+,-)■ 


By lemma lTHl only /i is integrable. 

The cohomology ring of is given by 


IR[x, y,z] 
<Si,52,S3>’ 


where si = x + y + z, sz = and S 3 = x® -t y® -H z®. 

Therefore the top Chern class is given by: CsIFg^^) = - 6 z®. 

The Chernnumbers ofthe almost complex manifolds (.^Ga^yJif * = 1,2,3,4, are given 
in the tableflOl 


Table 10. Chern numbers otGzlU (2) with 3 isotropic summands 



(+,+,+) 

(-,+,+) 


(+,+,-) 

C5 

-6 

-6 

-6 

-6 

c" 

^1 

-6250 

-486 

-1-486 

2 

Cj*C2 

-2750 

-162 

-1-162 

-2 

cfc3 

-650 

-9 

-9 

-2 

C1C4 

-90 

-18 

-18 

6 

CiC^ 

-1210 

-54 

-1-54 

2 

C2C3 

-286 

-6 

-6 

2 


According to the Hirzebruch-Riemann-Roch Theorem the Chern numbers of (Fg^^ > /i) 
must satisfy the following relations: 

1440 = -C 1 C 4 -I- C 1 C 3 -i-3cic| - C 1 C 2 . 

Analysing the tablefTolwe have the following result: 

Proposition 8.10. The generalized flag manifold ¥Ga 2 - Gz/U{2) admits at least 3 in¬ 
variant almost complex structures, up to conjugation and equivalence. 


8.4.3. The flag manifold ^Gai - GzlU {2) with2 isotropic summands. Analogously to the 
previous section, consider the 10-dimensional flag manifold Fg,^^ = GzlU[2] with Euler 
characteristic - 12/2 = 6 . 

The flag manifold Gai = GzlU [2] is defined using the set of simple roots 0 = Z - {ail 
and has 2 isotropy summands mi and m 2 given by 

mi = R'^'iai, 1) = {cti, cti -i-az,ai -i-2az,ai 3az}, 
mz = i?'^(ai,2) = {2 q:i -i-3a2}- 


Therefore Fg,^^ admits 2 invariant almost complex structures, up to conjugation: 


h = (+.+) 


/2 = ( + ,-). 


and 
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The cohomology ring of is given by 


H*ifG 


“1 


IR [x,y,z] 

<Si,S2,S3>’ 


where si = x + y + z, S 2 = and S 3 = x® + y® + z®. 

The Chern numbers of the almost complex manifolds (Fca^,/!) and (Fg„j,/ 2 ) are 
given in the tablefTTI 


Table 11. Chern numbers of G 2 /1/(2) with 2 isotropy summands 



(+,+) 

(+,-) 

C5 

6 

-6 

^1 

4374 

9 

cfc2 

2106 

3 

cfc3 

594 

-9 

C 1 C 4 

90 

-9 

CiC^ 

1014 

1 

C 2 C 3 

286 

-9 


According the Hirzebruch-Riemann-Roch Theorem the Chern numbers must satisfy 
the following relations: 

1440 = -C 1 C 4 + c^C 3 + 3cic| - c® C 2 . 

Therefore we have the following result 

Proposition 8.11. The generalized flag manifold GzlUiZ} with two isotropy summands 
has 2 invariant almost complex structures, up to conjugation and equivalence. One of 
these invariant almost complex structure is integrable. 
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